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We study the mathematical structure of superoperators describing quantum measurements, in-
cluding the entangling measurement—the generalization of the standard quantum measurement
that results in entanglement between the measurable system and apparatus. It is shown that the
coherent information can be effectively used for the analysis of such entangling measurements whose
possible applications are discussed as well.
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I. INTRODUCTION
Experiments in the field of quantum information pro-
cessing and engineering, a new emerging interdisciplinary
field of science [1], require the acquisition of information
about the quantum system (A, hereafter, the “object”)
by means of an apparatus that produces a measurement
[2, 3, 4]. During the measurement, the object quantum
system and apparatus interact with each other (and with
the environment or the “reference” system). As a result,
the apparatus acquires essentially quantum information
initially contained in the measurable quantum system.
The measurement procedure and the structure of the
related measurement transformation may vary essen-
tially. For example, in quantum optics the coherent mea-
surement transformation is used [5, 6]. In applications
to the emerging field of quantum information processing
and quantum computing, quantum measurement can also
be considered as an effective tool for realizing quantum
algorithms [7]. Although quantum measurement proce-
dures can vary significantly for different applications it
is worth selecting and examining mathematical forms of
common types of measurement, their properties, and ar-
eas of possible applications.
In this work, we examine a class of quantum mea-
surements completely preserving the initial concept of
quantum measurement as the wave function collapse,
ψ → {pn = |cn|2, |n〉} [8, 9], i.e., the transfer of an
initially pure state into a mixed ensemble of pure or-
thogonal states |n〉 with probabilities pn. We call such
a measurement a standard measurement. The initial co-
herency in the object system (in the initial wave function
ψ =
∑
cn |n〉 between the eigenstates of the measurable
variable Aˆ =
∑
λn |n〉 〈n|) is therefore completely lost.
Since it happens for any quantum state ψ, this means
that the object quantum system is completely dequan-
tized, i.e., the only subset of orthogonal states |n〉 out of
all the system states ψ is left. This subset is equivalent
to a set of classical events. The final states of the appa-
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ratus can then be characterized by a measurable variable
Mˆ , which we will call a “pointer” [10]. After the mea-
surement, the pointer has the same values as those of
Aˆ.
The generalization of this concept discussed here lies
in considering a more general set of states after the quan-
tum measurement, which takes into account the created
entanglement in the object–pointer system after the mea-
surement. We will call such a measurement an entangling
measurement. Note that the entangling measurement
introduced here is qualitatively different from the mea-
surement transformation defined in Ref. 11, where it is
introduced in the form of a unitary transformation, and
from the transformation defined in Refs. 12, 13, where
the quantum properties of states in the bipartite sys-
tem object–pointer are not considered. Also, it is worth
noting that the measurement transformations in the bi-
partite system are clearly related to the characterization
of transformations in the bipartite setting Alice–Bob re-
stricted by physical causality relations [14].
One of the fundamental properties of a measurement
transformation is that the resulting state of the bipar-
tite system object–pointer does not depend on the initial
state of the apparatus. In case of an entangling mea-
surement, this property, which makes the transformation
irreversible, distinguishes it from reversible transforma-
tions of quantum entanglement, which play a fundamen-
tal role in quantum information processing [1] and can be
realized with the help of a unitary transformation applied
to the bipartite system.
In quantum information theory, entanglement is one
of the key concepts used for characterization of quantum
states of a bipartite setting. It determines the quan-
tum specifics of physical interaction on which such its
practical applications as quantum computing and quan-
tum cryptography rely [1, 15]. For a bipartite system
object–pointer in a pure state described by a joint wave
function ψAM , there is a unique definition of the degree
of quantum entanglement as the entropy of separate den-
sity matrices S(ρˆA) = S(ρˆM ), where ρˆA = TrMψAMψ
+
AM
and ρˆM = TrAψAMψ
+
AM . However, for the case of mixed
states there is no unique valid definition of the degree of
entanglement.
In this connection, it is worth noting that the entangle-
2ment of quantum states created here is due to the above-
specified alternative choice of the quantum measurement
procedure. One can even assume that the characteriza-
tion of the degree of entanglement as a derivative from
the transformation measurement structure realized by an
apparatus can give some additional information about
the physical contents of the entanglement concept.
In Sec. II, we give precise mathematical definitions of
both standard and entangling measurement transforma-
tions, special cases of which are considered in Sec. III. We
describe the general structure of a quantum measurement
superoperator and specify structure of the entanglement
matrix and the entangling measurement superoperator
in Sec. IV. The discussed formalism is clarified by an
example of a two-dimensional model. In Sec. V we ad-
dress the question whether an entangling measurement
can be used for an entanglement transfer in various ap-
plications of quantum information processing. We prove
that it cannot be used for the entanglement transfer from
a bipartite system to another one. We consider the quan-
titative characteristics of entanglement in Sec. VI arguing
that the coherent information is a valid tool for charac-
terizing the entanglement created in the bipartite system
object–pointer.
II. MATHEMATICAL DEFINITIONS OF
QUANTUM MEASUREMENT
TRANSFORMATIONS
Following the traditional quantum measurement pos-
tulate [2, 3, 4, 9], the process of quantum measurement
of a quantum object system A that lives in Hilbert space
HA by the classical pointer variable M leads to estab-
lishing the resulting state of the system A. In this state
the measurable physical variable described by a quan-
tum operator Aˆ takes one of the range of possible val-
ues λ and the apparatus’ classical variable M coincides
with that value: M = λ. We then can simplify the de-
scription of the apparatus preserving only the initial (µ)
and resulting (λ) values of the pointer variable. After
this simplification, the measurement transformation in
the bipartite system “quantum object–pointer” is rep-
resented by the superoperator quantum transformation
along the quantum variables of the measurable system
A and the classical conditional probability distribution
along the classical pointer variables µ of the apparatus
[16]:
M(λ|µ) = PˆAλ ⊙ PˆAλ . (1)
A symbolic representation of the quantum state trans-
formation operators is used here, in which the substi-
tution symbol ⊙ is to be substituted by a transformed
operator. The operators PˆAλ are the orthogonal projec-
tors onto the subspaces with eigenvalue λ of the mea-
surable variable Aˆ =
∑
λPˆAλ , where λ enumerates the
final states of the apparatus (there is no dependence on
µ, which indicates independence from the initial state of
the pointer).
The initial states of the bipartite system “quantum
object system–apparatus” are described by the joint
quantum-classical distributions ρˆ(µ) defined as the linear
operators in the direct product HA ⊗ ΛM of the Hilbert
space of the quantum system and the set ΛM of classical
values of the pointer variable. They obey the positivity
requirement ρˆ(µ) ≥ 0 (i.e., 〈ψ| ρˆ(µ) |ψ〉 ≧ 0 for any ψ and
all µ) and the normalization condition
∑
µTr ρˆ(µ) = 1
and are transformed with the help of the superoperator
(1) as
ρˆ(µ)→ ρˆ(λ) =
∑
µ
M(λ|µ)ρˆ(µ) =
∑
µ
PˆAλ ρˆ(µ)Pˆ
A
λ . (2)
Here we restrict our consideration to the class of “di-
rect” measurements that are described by the orthogonal
projectors PˆAλ , having in mind the fundamental charac-
ter of this subclass of all possible measurements. More
general measurements can then be smoothly handled in
the open systems framework.
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FIG. 1: Special cases of a quantum measurement. a) Stan-
dard measurement in the bipartite setting “quantum object–
classical pointer”: the wave function ψ and independent state
“2” of the classical apparatus transfer into the statistical mix-
ture of totally-correlated states |i〉⊗ i of the bipartite system
AM with probabilities |ci|
2 (i = 1, 2). b) An entangling mea-
surement in the bipartite setting “quantum object–quantum
pointer” for the entanglement matrix Rij ≡ 1 (Sec. III):
an independent pure state of the bipartite system transfers
into an entangled state, which is the coherent superposition
c1 |1〉 |1〉+c2 |2〉 |2〉.
The linear transformation discussed above is defined
on the direct product CAM = C(HA) ⊗ C(ΛM ) of the
quantum-mechanical operator algebra in HA and the al-
gebra of classical functions on the set ΛM . This trans-
formation yields the pointer value λ (independent of its
initial values µ) for the density matrices of the pure state
ρˆAλ = ψψ
+ with wave functions ψ of the measurable
quantum system, which lie in the eigen subspaces Φλ cor-
responding to the value λ of the measurable variable, i.e.,
PˆAλ ψ = ψ ∈ Φλ. If the measurement is a complete one,
3i.e., Φλ are one-dimensional, then the transformation (2)
for an arbitrary density matrix ρˆA in a joint initial state
of the form ρˆ(µ) = ρˆA⊗p(µ) describes the output mixture
of the corresponding pure states PˆAλ = |λ〉 〈λ| with prob-
ability weights p(λ) = 〈λ| ρˆ |λ〉. A scheme clarifying the
measurement transformation structure in the described
quantum-classical system is shown in Fig. 1.
The problem of the physical realizability of a quantum
system measurement procedure with the help of a classi-
cal system has attracted considerable interest in the liter-
ature, but some principal questions related to this prob-
lem are still under discussion [17, 18, 19, 20]. A simple
example clarifying the key mechanisms for realizing the
measurement procedure (1) in a closed physical system
described quantum-mechanically to preserve the quasi-
classical character of the apparatus’ variable, is given in
Ref. 16.
Along with the maximally simplified description of the
measurement procedure in the form of superoperator (1),
which takes into account the physical structure of the
apparatus only in the form of the classical variable µ →
λ, a more detailed description must at least include the
quantum-mechanical variables of the apparatus that are
complimentary to the classical variable. In this case, a
minimal extension of the model leads to the replacement
of the classical apparatus’ pointer with a quantum one,
which lives in the space HM with dimension D equal to
the number of values of the measurable variable.
Accordingly, superoperator (1) is replaced with the
fully quantum superoperator of the standard measure-
ment
MAM =
∑
λ
(
PˆMλ TrM⊙
)⊗ (PˆAλ ⊙ PˆAλ ). (3)
Here the PˆAλ are the same as in Eq. (1) and the Pˆ
M
λ
are the one-dimensional projectors corresponding to the
values λ of the apparatus’ variable Mˆ =
∑
λPˆMλ .
Projecting the density matrix of the measurable quan-
tum system described by the operators PˆAλ leads to the
transformation of the system’s state into an incoherent
superposition of respected states with explicitly deter-
mined values λ of the variable Aˆ. Operation TrM⊙ re-
flects the independence of the final state of the appara-
tus from its initial state and the projectors PˆMλ describ-
ing the resulting quantum state of the pointer after the
measurement, which correspond to the measured values
λ. In the general case, the projectors PˆMλ considered
in the real physical space of the apparatus are multidi-
mensional; this corresponds to macroscopic systems with
numerous internal degrees of freedom of the apparatus.
However, if these internal degrees of freedom do not af-
fect essentially the interaction of the apparatus with the
measurable quantum system, the measurement can be
adequately described in the minimal Hilbert space HM .
Superoperator (3), being physically realizable, is com-
pletely positive [21] and, additionally, is hermitian with
respect to the scalar product (ρˆ1, ρˆ2) = Tr ρˆ
+
1 ρˆ2. Then,
its particular property of idempotency, i.e., M2AM =
MAM , identifies an orthogonal projector onto the sub-
space of unperturbed states of the bipartite system
“object–pointer”.
In the description of the measurement procedure given
above, the quantum nature of the apparatus is not es-
sential, though it is virtually present in its mathematical
description. Only the pointer variable is used and the off-
diagonal quantum operators are simply not considered.
Mathematically, it means that we consider a reduced al-
gebra of quantum events B of the quantum probabilis-
tic space (H,B,P), where H is the Hilbert space of all
states allowed in the quantum system, B is the algebra
of its subspaces Ω ⊆ H identified by the orthoprojectors
Pˆ (Ω), and P(Ω) = Tr Pˆ (Ω)ρˆ is the quantum probabil-
ity distribution defined with the help of the density ma-
trix. In this quasiclassical case, the algebra of orthogonal
subspaces in HM built on the eigen subspaces Φλ of the
eigen projectors PˆMλ of the apparatus’ variable Mˆ is used
for the description of the pointer variable B. However,
besides the variables commuting with the pointer vari-
able Mˆ there are also off-diagonal variables of the form
Nˆ =
∑
λµNλµ |λ〉M 〈µ|M that do not commute with Mˆ
and can potentially lead to the essentially quantum na-
ture of the apparatus even at macroscopic level.
The fact that in a real macroscopic system there exist
variables, which do not commute with PˆMλ , is not a para-
dox. In physics, pithy examples of such quantum vari-
ables in quasiclassical systems arise, for instance, when
considering polyatomic molecules (an effective two-level
model of molecular chirality related to the chiral degree
of freedom of a chiral molecule having stable enantiomers
can serve as such a pithy example [22, 23]). Similar sub-
systems can be extracted in the mathematical descrip-
tion of a complete set of potentially possible states of
any macroscopic system. Typically, their quantum na-
ture is not essential because of the small values of energy
quanta corresponding to the transitions between discrete
energy levels.
On the contrary, there is also a number of macroscop-
ical quantum systems, i.e., quantum dots, superconduct-
ing Josephson junctions, and others, which are considered
as embodies of qubits in quantum information process-
ing [1] where the quantum nature of the apparatus can
be essential. Specific models of apparatus can, obviously,
limit both the quality and fidelity of reproduction of the
measurement transformation (3) due to the macroscopic
nature of the apparatus. However, as follows from the
analysis of numerous specific models in the literature,
such limitations do not forbid realizations of such mea-
surement models.
An initial density matrix of the form ρˆA⊗ρˆM is trans-
formed by the superoperator (3) into the density matrix
ρˆAM =
∑
λ
(
PˆAλ ρˆ
APˆAλ
)⊗ PˆMλ (4)
characterizing the state with the coinciding variables
“Aˆ=Mˆ”, i.e., in strict form (Aˆ−Mˆ)ρˆAM = 0. This state
4is an incoherent statistical mixture of quantum states
characterizing each of the variables. The transfer of in-
formation between the quantum system A and apparatus
M is realized in such a state through the classical variable
λ. Quantum fluctuations therefore exist only virtually as
uncertainty in the physical variables, which do not com-
mute with Aˆ and Mˆ and are therefore not determined
explicitly.
The above-described semiclassical concept of the mea-
surement is not a general one [2, 4, 24]. Moreover,
generation of entanglement by means of quantum mea-
surement has been a topical issue for the last decade
[25, 26, 27, 28, 29]. Therefore, a generalization of the
standard measurement approach can essentially extend
the concept of quantum measurement.
For example, an essentially quantum isomet-
ric (at fixed ψM ) transformation ψA ⊗ ψM →∑ 〈k |ψA 〉A|k〉A|k〉M of an arbitrary pure state into
an entangled state can be interpreted as a measure-
ment of the variable Aˆ =
∑
λk|k〉A〈k|A with the
help of the apparatus’ variable Mˆ =
∑
λk|k〉M 〈k|M .
The corresponding generalization of the measurement
superoperator (3) has the form
M0 =
∑
kl
(
PˆMkl TrM⊙
)⊗ (PˆAkk ⊙ PˆAll ), (5)
where the Pˆkl = |k〉 〈l| are the one-dimensional projec-
tors from |l〉 onto |k〉 in the respective Hilbert spaces HA
and HM . For a pure state ρˆ
A = |ψA〉 〈ψA|, this trans-
formation ensures the resulting pure entangled state of
the composite system. Note, however, that this does not
mean the absence of dequantization of the initial state,
because the latter is represented in the final state only
by the diagonal orthoprojectors PˆAkk and Pˆ
A
ll .
The above formulas for the measurement superopera-
torsMAM andM0 can be generalized to an intermediate
representation of the form
M =
∑
kl
Rkl
(
PˆMkl TrM⊙
)⊗ (PˆAkk ⊙ PˆAll ), (6)
which describes an entangling measurement with the
Hermitian entanglement matrix Rkl. This matrix is cho-
sen to ensure the complete positivity and normalization
condition for the measurement transformation. To our
knowledge, Eq. (6) is the most general form of the en-
tangling measurement superoperator based on the lin-
ear combination of the input-output projectors, which is
compatible with the ideal measurements concept.
At Rkl = δkl, Eq. (6) simplifies to the standard quan-
tum measurement (3), if one identifies the projector sets
with corresponding indices k and λ. The projectors PˆAkk
in Eq. (6) characterize information in the quantum sys-
tem to be measured and its statistical properties are de-
termined by the density matrix ρˆA. Information that is
finally measured by the apparatus is represented by the
projectors PˆMkl , and its statistical properties are deter-
mined only by the density matrix ρˆA and are invariant
with respect to the choice of a basis in the state space
HM of the apparatus.
The measurement transformation (6) creates an entan-
glement in the bipartite system “quantum object system–
apparatus” whose value may vary between zero and its
maximum value (which depends on Rkl).
Taking the basis set of the density matrices in the form
ρˆA⊗ρˆM , we obtain for the transformation of the joint
density matrix:
ρˆAM =M ρˆA ⊗ ρˆM =
∑
Rklρ
A
klPˆ
A
kl ⊗ PˆMkl . (7)
For the initial density matrix of the composite system
of general form ρˆAB, the resulting matrix has the same
form (7), keeping in mind that the matrix elements ρAkl
correspond to the partial density matrix ρˆA = TrB ρˆ
AB.
Therefore, the density matrix of a composite system is
formed in the process of measurement as a result of the
dubbing |k〉A → |k〉A |k〉A of the chosen object basis,
accompanied by multiplication of the corresponding ele-
ments of the initial density matrix of the object by those
of the entanglement matrix.
III. SPECIAL CASES
Let us assume that the initial state of a quantum
system is a pure state, i.e., ρˆA = ψAψ
+
A with ψA =
(c1, . . . , cD), and the measurement procedure is com-
plete, which means that all the projectors Pˆkl are one-
dimensional. Then, it follows from Eq. (7) that
ρˆAM =
∑
k
κk ||k〉〉 〈〈k||, ||k〉〉 =
∑
i
eki |i〉 |i〉, (8)
where the κk, ek = (ek1, . . . , ekD) are the eigenvalues
and the respective normalized eigenvectors of the matrix
ρ˜kl = Rklρkl = Rklckc
∗
l . This means that the pure state
is transformed into an incoherent mixture of pure en-
tangled states of the bipartite system “object–pointer”,
which are orthogonal to each other and have different de-
grees of entanglement that depends on the entanglement
and density matrices. For the case of ρˆA = |k0〉 〈k0|, we
have ck = δkk0 and the corresponding joint density ma-
trix ρˆAM = |k0〉A 〈k0|A⊗ |k0〉M 〈k0|M , which coincides
with the density matrix resulting from the standard mea-
surement MAM of the observable Aˆ =
∑
λk |k〉A 〈k|A.
For the case of pure maximum uncertainty state ρˆA =
(1/D)
∑ |k〉 〈k|, we have ρˆAM = ∑kl(Rkl/D) ||k〉〉 〈〈l||
with ||k〉〉 = |k〉 |k〉, where Rkl/D is the object–pointer
density matrix in the basis of the dubbed (“cloned”)
states.
For the entanglement matrix Rij = δij , all the eigen-
values κk = |ck|2 in Eq. (8) are represented by the eigen-
vectors eki = δki and the degree of entanglement of each
of the ||k〉〉 states is equal to zero. Thus, a completely
incoherent mixture of states of the measurable variable
Aˆ =
∑
λi |i〉 〈i| with determined λi is formed.
5For the entanglement matrix Rij ≡ 1, which has the
only nonzero eigenvalue κk = 1 and respective eigen-
vector eki = ci, Eq. (8) gives us a pure state, which is
represented by the single vector
||k〉〉 =
∑
ci |i〉 |i〉 .
The state ||k〉〉 = ∑ ci |i〉 |i〉, corresponding to the state
in Eq. (8), coincides with the state formed after the quan-
tum duplication transformation [30]. The degree of its en-
tanglement E can be estimated as the entropy S[P ] of the
probability distribution P (i) = |ci|2 of all possible values
λi of the measurable variable. We can always receive a
maximum possible degree of entanglement E = log2D
by choosing the measurable variable Aˆ as having max-
imum uncertainty in the state ψ, which corresponds to
the vector representation ci ≡ 1/
√
D and the uniform
distribution ψ → P (i) = 1/D. Therefore, for the max-
imally entangling measurement, vacuum quantum fluc-
tuations of the measurable variable are transferred into
the corresponding entanglement of the bipartite system
“object–pointer”.
For the general case of a mixed initial state ρˆA =∑
ρl |l〉 〈l|, an incoherent mixture of D orthogonal (at
fixed l) sets of entangled states ||k, l〉〉 is formed. These
sets, however, are not necessarily orthogonal at different
values of l, but this nonorthogonality is largely of formal
character and physically does not mean nonorthogonality
of the states of one and the same Hilbert spaces. When
one considers an incoherent mixture of states, phase un-
certainty is due to an additional degree of freedom, and
incoherence means that we consider physically distin-
guishable (orthogonal [31, 32]) states. In fact, the orthog-
onal wave functions ψ, ϕ correspond to two physically
distinguishable states i, j that describe different phases
in the composite states ψ = |α〉 |i〉, ϕ = |β〉 |j〉 even for
nonorthogonal states α and β. Keeping this in mind,
in a more detailed quantum description of a composite
system, which includes all physically valuable degrees of
freedom, quantum operators of the corresponding physi-
cal subsystems do commute.
IV. GENERAL STRUCTURE OF THE
QUANTUM MEASUREMENT
SUPEROPERATOR AND ANALYSIS OF A
TWO-DIMENSIONAL MODEL
Let us first define the constraints imposed on the quan-
tum measurement superoperator by the normalization
condition and positivity property. From Eq. (7) we
obtain Tr ρˆAM =
∑
Rkkρ
A
kk, which, with an arbitrary
choice of ρˆA, immediately gives the normalization con-
dition Rkk ≡ 1. The positivity requirement and, simul-
taneously, the complete positivity properties require the
positivity of the matrix ρˆAe =
(
Rklρ
A
kl
)
for an arbitrary
positive matrix ρˆA =
(
ρAkl
)
. Then, using the spectral
representation of both these matrices, one can readily
show that a necessary and sufficient condition for this
requirement is the positivity of the entanglement matrix
R = (Rkl).
A repeated entangling measurement, i.e., the repeated
application of the same measurement superoperator on
the same apparatus–system Hilbert space, leads, on ac-
count of the measurement superoperator (6), equality
Rkk ≡ 1, and vanishing of the off-diagonal elements of
the pointer density matrix after tracing out TrM⊙, to
the relation
M2 =MAM . (9)
Therefore, a repeated entangling measurement leads to
entanglement destruction and the resulting transforma-
tion is equal to the standard measurement. This entan-
glement destruction in the initial state of the “quantum
object–pointer” is due to a “resetting” of the appara-
tus needed to achieve independence of the final system–
apparatus state from the initial apparatus state.
Eq. (9) is valid for any entangling matrix R, i.e., the
entangling measurementM is the ambiguous square root
of the standard measurementMAM , which reveals in the
spectrum structure of the corresponding matrices repre-
senting M.
As an example, let us consider a two-level system with
dimHA = 2 for which the positivity criterion gives the
following general form for the entanglement matrix:
R =
(
1 q
q∗ 1
)
, |q|2 ≤ 1. (10)
The eigenvalue equation for the measurement superop-
erator
M ρˆAM = λ ρˆAM (11)
can be solved analytically once we have expressed it in
the form
∑
kl
∑
m
Rklρ
AM
klmmPˆ
A
kl ⊗ PˆMkl = λ
∑
kl
∑
mn
ρAMklmnPˆ
A
kl ⊗ PˆMmn → Rkl
(∑
µ
ρAMklµµ
)
δkmδln = λρ
AM
klmn.
For D = 2, the dimension of the problem is limited to 16 possible values of the four-dimensional index klmn of
6the “density matrix” (in the eigenvalue problem, in ad-
dition to physically valuable density matrices, arbitrary
operators are considered, as well).
On account of the vanishing off-diagonal elements in
the transformed density matrix ρAMklmn on the left-side of
the above equation, we find that eight right eigen null-
vectors eˆ0kAM , k = 1, . . . , 8 corresponding to the eigenvalue
λ = 0 are described by the following operators:
eˆ0kAM =
{
ρˆ0kA ⊗ PˆM12 , k = 1, 2, 3, 4,
ρˆ0kA ⊗ PˆM21 , k = 5, 6, 7, 8,
(12)
which have zero diagonal matrix elements ρAMklmm alongM
with arbitrary density matrices ρˆ0kA . Freedom in choosing
them is due to the eightfold degeneracy and related to
the arbitrary choice of four linearly independent basis
vectors (12) corresponding to the related basis operators
PˆM12 , Pˆ
M
21 of the pointer M .
The other four zero eigenvectors satisfy the relation
ρˆAMkl11 = −ρˆAMkl22 and have the form
eˆ0kAM = ρˆ
0k
A ⊗
(
PˆM22 − PˆM11
)
, k = 9, 10, 11, 12 (13)
with arbitrary linearly independent density matrices ρˆ0kA .
Finally, for two nonzero eigenvectors with λ = 1 we
have a pair of linearly independent functions ρk = δk1, δk2
satisfying the relations ρ1,kklmn = ρkδklδkmδln and corre-
sponding operators
eˆ1kAM =
{
PˆA11 ⊗ PˆM11
PˆA22 ⊗ PˆM22
, k = 13, 14. (14)
These two operators provide a basis of the convex set
p eˆ1,13AM + (1− p)eˆ1,14AM (0 ≤ p ≤ 1) of the density matrices,
which are not changed in the measurement transforma-
tion.
The last two linearly independent operators eˆ015AM =
PˆA12 ⊗ IˆM and eˆ016AM = PˆA21 ⊗ IˆM are the eigen operators
with eigenvalue equal to zero only at Rkl = δkl when the
measurement is a standard measurement, not an entan-
gling measurement. In the general case, the superopera-
torM lacks two eigenvectors, because it is not described
by a matrix of simple structure similar to the single-mode
fermion annihilation operator aˆ =
(
0 1
0 0
)
, which has a
single non-vanishing right eigenvector e0 = (1, 0) [33].
Accordingly, Eq. (9) is realized as the relation aˆ2 = 0,
which washes out dependence of the squared operator on
the entangling parameter q.
The corresponding linear subspace c15eˆ
015
AM + c16eˆ
016
AM
contains only density matrices, which have no physical
meaning. Nevertheless, this subspace cannot be excluded
from the complete 16D-space, because it is included into
the cone of all positive hermitian density matrices.
The entangling measurement superoperator matrix in
the “eigen” basis eˆλkAM has the form:
M =


1 0 0ˆ 0 0 0 0
0 1 0ˆ 0 0 0 0
0ˆ| 0ˆ| Oˆ 0ˆ| 0ˆ| 0ˆ| 0ˆ|
0 0 0ˆ 0 0 q 0
0 0 0ˆ 0 0 0 q∗
0 0 0ˆ 0 0 0 0
0 0 0ˆ 0 0 0 0


, (15)
where Oˆ is a 10 × 10 zero matrix, and 0ˆ and 0ˆ| are
10-component zero bra- and ket-vectors, respectively.
In the matrix (15), 4th and 5th lines correspond to
the transversal–transversal basis operators and two bot-
tom lines correspond to the two non-eigen operators
Pˆ12 ⊗ Iˆ/D, Pˆ21 ⊗ Iˆ/D. The subspaces corresponding
to the matrix (15) are 2D invariant, 12D zero, and 2D
improper subspaces.
V. CAN ENTANGLING MEASUREMENT BE
USED FOR ENTANGLEMENT TRANSFER?
In many applications of quantum information process-
ing algorithms, such as practically interesting crypto-
graphic protocols, require realization of a pair of spa-
tially separated entangled quantum systems [1, 10]. They
serve as resources for quantum information engineering
and developing technologies for their creation is of prime
importance [15]. Deterministic creation of spatially sep-
arated entangled quantum systems is a difficult problem
to solve. By contrast, pairs of entangled subsystems ex-
ist naturally and spontaneously within many spatially-
localized physical systems.
For example, conservation of the total momentum of
an atom is not related to the separate conservation of its
components, orbital and spin momenta. Thus, the eigen
states of the atom are, in the general case, entangled
states related to subsystems describing orbital and spin
momenta separately. Another example is laser excitation
of ro-vibrational states in molecules, which results in the
entanglement between the vibrational and rotational de-
grees of freedom.
Now, the following question arises, “Can these natu-
rally entangled states be used for a transfer of their en-
tanglement onto an entanglement of spatially separated
quantum systems with the help of an entangling mea-
surement?”.
To answer this question, let us consider four sys-
tems A, B, M , and N with an initial state ρˆABMN =
ρˆAB ⊗ ρˆM ⊗ ρˆN . We assume that two of them, A and
B, are in the initially entangled state ρˆAB, whereas sys-
tems M and N are initially independent and spatially
separated from A, B. We will then check if it is pos-
sible to transfer entanglement from the bipartite system
A–B onto the bipartite systemM–N by applying two in-
dependent transformations MA and MB to the subsys-
tems A–M and B–N , respectively. The corresponding
7joint superoperator has the form
MB ⊗MA =
∑
klmn
RklRmn
[
PˆBmn ⊗
(
PˆNmm ⊙ PˆNnn
)
TrB⊙
]
⊗[PˆAkl ⊗ (PˆMkk ⊙ PˆMll )TrA⊙],
where systems M and N are treated as pointers for the
measurements of systems A and B. The resulting state
of the bipartite system M–N can then be obtained by
tracing out AB that leads to the transformations PˆBmn →
δmn, Pˆ
A
kl → δkl and, on account of Rkk = Rnn, can be
written as
ρˆMN =
∑
k
(
PˆNkk ρˆ
N PˆNkk
)⊗∑
n
(
PˆMkk ρˆ
M PˆMkk
)
.
This means that simultaneous measurements in the sys-
tems A and B always produce two uncorrelated dequan-
tized states of the systemsM and N if any quantum cor-
relations with other systems are neglected. Therefore, an
entangling measurement cannot be used for entanglement
transfer onto spatially separated systems.
VI. QUANTITATIVE CHARACTERISTIC OF
ENTANGLEMENT DUE TO ENTANGLING
MEASUREMENT
In accordance with Secs II,III, the entangling measure-
ment superoperator creates entanglement in the bipartite
system “object–pointer”, which does not depend on the
initial state of the pointer and is defined only by the en-
tanglement matrix and the initial state of the quantum
system in the eigen basis of the measurable variable (or
a set of commuting variables). Generally, two types of
created entanglement due to entangling measurement de-
scribed by the respective coherent information (i.e., pre-
served entanglement [34, 35]) are of interest to us: one-
time entanglement describing one-time states ρˆAM of the
system A and the apparatus M , and two-time entangle-
ment describing how the initial state of the system A is
linked to the resulting state of the apparatusM in terms
of the initial density matrix ρˆA and the superoperator N
of a two-time channel A→M (see Eq. (17)) [30].
In the first case, for the one-time channel A ⇄ M we
have the entanglement measure E = S[ρˆM ] − S[ρˆAM ]
(which is equal to S[ρˆA] − S[ρˆAM ]) with ρˆAM given by
Eq. (7). Expressing the entropy via the matrix elements
Rklρkl, on account of Rkk ≡ 1, we obtain
E = S[(ρkk)]− S[(Rklρkl)], (16)
where the entropies S are calculated for the diagonalized
and complete density matrices ρ˜kl = Rklρkl, respectively.
The degree of entanglement created after the entan-
gling measurement defined by Eq. (16) is always positive
by contrast with the coherent information, which can be
negative for an arbitrary channel. Such induced entangle-
ment vanishes for diagonal density matrices, which means
that coherence between the measured states, which is
transferred after the measurement onto the pointer, is
absent before the measurement.
For the case of a pure state with maximum indeter-
minateness of the measurable variable, i.e. ρkl ≡ 1/D,
an induced entanglement due to the entangling measure-
ment has the form
E = log2D +
∑
rk log2 rk,
where 0 ≤ rk ≤ 1 are the eigenvalues of the normal-
ized entanglement matrix Rkl/D. For the maximum co-
herency, i.e. for Rkl ≡ 1, we obtain the maximum pos-
sible value E = log2D of the entanglement due to the
entangling measurement.
The superoperator of the two-time channel A → M ,
i.e., a channel that links the initial state of the quantum
system and final state of the apparatus, has the following
form [30]:
N = TrAM
(⊙⊗ ρˆM), (17)
where the substitution symbol “⊙” describes dependence
on the initial state of the quantum system ρˆA. The chan-
nel defined this way allows one to use the original defini-
tion of the coherent information [36].
On account of the measurement superoperator struc-
ture (6), the superoperator (17) does not depend on the
initial pointer’s state ρˆM . Thus, with the help of the
transformation M we can readily conclude that trac-
ing out the initial state leads to the diagonalization of
the output density matrix ρMkk = ρ
A
kk and its dependence
solely on the diagonal part of the initial density matrix of
the measurable quantum system. Such a transformation
for the coherent information S[ρˆM ]−S[(N⊗I)ΨARΨ+AR],
where ΨAR defines the initial state of the input and the
reference system R corresponding to the density matrix
at the input ρˆA always yields a zero value due to the
fact that both density matrices are diagonal and their
diagonal elements are equivalent.
Therefore, entanglement after the measurement is cre-
ated only for one-time states, but two-time entanglement
does not exist because of the destruction of initial co-
herency.
VII. CONCLUSIONS
In conclusion, we have studied a natural mathemati-
cal generalization of the standard quantum measurement
on the entangling quantum measurement, which creates
an entanglement between the measurable quantum sys-
tem and the apparatus in the bipartite setting “quantum
object–pointer”. The entangling measurement procedure
is defined, as well as the standard measurement proce-
dure, by the choice of measurable variables and, addi-
tionally, by the entanglement matrix. Such a procedure
can be physically realized with the help of an apparatus
that can have either microscopic or macroscopic nature.
8In the latter case, we deal with an “ideal” measurement
transformation.
Repeated entangling measurement results in the stan-
dard incoherent measurement transformation. Thus,
the entangling measurement superoperator can be rep-
resented by the ambiguously determined square root of
the standard measurement superoperator. This ambigu-
ity, as has been illustrated in the two-dimensional exam-
ple, is due to the incompleteness of the corresponding
superoperator’s eigenvector system.
The entangling measurement, as we have proved, can-
not be used for entanglement transfer from a bipartite
system to another one.
It has also been shown that the entangling measure-
ment creates a one-time entanglement in the bipartite
system “quantum object–pointer” whose degree depends
on the entanglement matrix and the initial state of the
quantum system and is bounded above by the logarithm
of the number of measurable values. The degree of two-
time entanglement is always equal to zero due to the
complete decay of initial coherency. This means that
only dequantized information about the initial state of
the quantum system is preserved.
It is argued that the coherent information is a valid tool
for characterizing entanglement created in the bipartite
system “quantum object–pointer”.
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